Introduction {#Sec1}
============

Many important graph problems are known to be NP-hard, and yet admit efficient solutions in practice due to the inherent structure of instances. The parameterized complexity \[[@CR16], [@CR34]\] paradigm allows a more refined analysis of the complexity of various problems and hence enables the design of more efficient algorithms. In particular, given an instance of size *n* and a numerical parameter *k* which captures some property of the instance, one asks whether the instance can be solved in time $\documentclass[12pt]{minimal}
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                \begin{document}$$f(k)\cdot n^{\mathcal {O}(1)}$$\end{document}$. Parameterized problems which admit such an algorithm are called *fixed-parameter tractable* (FPT), and the algorithms themselves are often called *fixed-parameter algorithms*.

Given the above, it is natural to ask what kind of structure can be exploited to obtain fixed-parameter algorithms for a wide range of natural graph problems. There are two very successful, mutually incomparable approaches which tackle this question. **A:Width measures** Treewidth has become an extremely successful structural parameter with a wide range of applications in many fields of computer science. However, treewidth is not suitable for use in dense graphs. This led to the development of algorithms that use the parameter clique-width \[[@CR11]\], which can be viewed as a relaxation of treewidth towards dense graphs. However, while there are efficient theoretical algorithms for computing tree decompositions, this is not the case for decompositions for clique-width. This shortcoming has later been overcome by the notion of rank-width \[[@CR35]\], which improves upon clique-width by allowing the efficient computation of rank-decompositions while retaining all of the positive algorithmic results previously obtained for clique-width.**B:Modulators** A modulator is a vertex set whose deletion places the considered graph into some specified graph class. A substantial amount of research has been placed into finding as well as exploiting small modulators to various graph classes \[[@CR3], [@CR18]\]. Popular notions such as vertex cover and feedback vertex set are also special cases of modulators (to the classes of edgeless graphs and forests, respectively). One advantage of parameterizing by the size of modulators is that it allows us to build on the vast array of research of polynomial-time algorithms on specific graph classes (see, for instance, \[[@CR10], [@CR33]\]). In other fields of computer science, modulators are often called *backdoors* and have been successfully used to obtain efficient algorithms for, e.g., satisfiability and constraint satisfaction \[[@CR21], [@CR22]\]. Our primary goal in this paper is to push the boundaries of tractability for a wide range of problems beyond the state of the art for both of these approaches. We summarize our contributions below.We introduce a family of "hybrid" parameters that combine approaches A and B.Given a graph *G* and a fixed graph class $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {H}$$\end{document}$, the new parameters capture (roughly speaking) the minimum rank-width of any modulator of *G* into $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {H}$$\end{document}$. We call this the *well-structure number* of *G* or $\documentclass[12pt]{minimal}
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                \begin{document}$$wsn^\mathcal {H}(G)$$\end{document}$. The formal definition of the parameter also relies on the notion of *split decompositions* \[[@CR13]\] to restrict the edges between the modulator and the rest of the graph; it is provided in Sect. [3](#Sec8){ref-type="sec"}, where we also prove that for any graph class $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {H}$$\end{document}$ of unbounded rank-width, $\documentclass[12pt]{minimal}
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                \begin{document}$$wsn^\mathcal {H}$$\end{document}$ is not larger and in many cases much smaller than both rank-width and the size of a modulator to $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {H}$$\end{document}$.2.We develop a fixed-parameter algorithm for computing $\documentclass[12pt]{minimal}
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                \begin{document}$$wsn^\mathcal {H}$$\end{document}$.As with most structural parameters, virtually all algorithmic applications of the well-structure number rely on having access to an appropriate decomposition. In Sect. [4](#Sec9){ref-type="sec"} we provide a fixed-parameter algorithm for computing the $\documentclass[12pt]{minimal}
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                \begin{document}$$wsn^\mathcal {H}$$\end{document}$ along with the corresponding decomposition for any graph class $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {H}$$\end{document}$ which can be characterized by a finite set of forbidden induced subgraphs (*obstructions*). This is achieved by building on the polynomial algorithm for computing split-decompositions \[[@CR27]\] in combination with the fixed-parameter algorithm for computing rank-width \[[@CR29]\].3.We design fixed-parameter algorithms for Minimum Vertex Cover ([MinVC]{.smallcaps}) and Maximum Clique ([MaxClq]{.smallcaps}) parameterized by $\documentclass[12pt]{minimal}
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                \begin{document}$$wsn^\mathcal {H}$$\end{document}$.Specifically, in Sect. [5](#Sec10){ref-type="sec"} we show that for any graph class $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {H}$$\end{document}$ characterizable by a finite obstruction set and admitting a polynomial-time algorithm for [MinVC]{.smallcaps} or [MaxClq]{.smallcaps}, there is a fixed-parameter algorithm solving [MinVC]{.smallcaps} or [MaxClq]{.smallcaps} (respectively) when parameterized by $\documentclass[12pt]{minimal}
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                \begin{document}$$wsn^\mathcal {H}$$\end{document}$. We also give an overview of possible choices of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {H}$$\end{document}$ for [MinVC]{.smallcaps} and [MaxClq]{.smallcaps}.4.We develop a *meta-theorem* to obtain fixed-parameter algorithms for problems definable in monadic second order (MSO) logic \[[@CR11]\] parameterized by $\documentclass[12pt]{minimal}
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                \begin{document}$$wsn^\mathcal {H}$$\end{document}$.The meta-theorem requires that the problem is FPT when parameterized by the cardinality of a modulator to $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {H}$$\end{document}$. We prove that this condition is not only necessary but also tight, in the sense that the weaker condition of polynomial-time tractability on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {H}$$\end{document}$ used for [MinVC]{.smallcaps} and [MaxClq]{.smallcaps} is not sufficient for FPT-time MSO model checking. Formal statements and proofs can be found in Sect. [6](#Sec13){ref-type="sec"}.5.We show that, in general, solving LinEMSO problems \[[@CR11], [@CR19]\] is not FPT when parameterized by $\documentclass[12pt]{minimal}
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                \begin{document}$$wsn^\mathcal {H}$$\end{document}$.In particular, in Sect. [7](#Sec14){ref-type="sec"} we give a proof that these problems remain NP-hard even on graphs of fixed $\documentclass[12pt]{minimal}
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                \begin{document}$$wsn^\mathcal {H}$$\end{document}$ under the same conditions as those used for MSO model checking. This is somewhat surprising, since the fixed-parameter tractability of MSO optimization problems usually follows from the methods used for MSO model checking. On the other hand, there are strictly more classes of bounded width for our parameter than for rank-width and hence one cannot expect that every problem which is FPT parameterized by rank-width would remain FPT when parameterized by the well-structure number.

Preliminaries {#Sec2}
=============

The set of natural numbers (that is, positive integers) will be denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {N}$$\end{document}$. For $\documentclass[12pt]{minimal}
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                \begin{document}$$i \in \mathbb {N}$$\end{document}$ we write \[*i*\] to denote the set $\documentclass[12pt]{minimal}
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                \begin{document}$$\{1, \ldots , i \}$$\end{document}$. If $\documentclass[12pt]{minimal}
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                \begin{document}$$\sim $$\end{document}$ is an equivalence relation over a set *A*, then for $\documentclass[12pt]{minimal}
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                \begin{document}$$a\in A$$\end{document}$ we use $\documentclass[12pt]{minimal}
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                \begin{document}$$[a]_{\sim }$$\end{document}$ to denote the equivalence class containing *a*.

Graphs {#Sec3}
------

We will use standard graph theoretic terminology and notation (cf. \[[@CR15]\]). All graphs we consider are finite, simple and undirected. The non-leaf vertices of a tree are called its *internal nodes*. If *S* is a set of leaves of a tree *T*, then *T*(*S*) denotes the smallest connected subtree spanning *S*.
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                \begin{document}$$A\subseteq V(G)$$\end{document}$, we denote by *N*(*A*) the set of neighbors of *A* in $\documentclass[12pt]{minimal}
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                \begin{document}$$V(G){\setminus } A$$\end{document}$; if *A* contains a single vertex *v*, we use *N*(*v*) instead of $\documentclass[12pt]{minimal}
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                \begin{document}$$N(\{v\})$$\end{document}$. We use *V* and *E* as shorthand for *V*(*G*) and *E*(*G*), respectively, when the graph is clear from context. Two vertex sets *A*, *B* are *overlapping* if $\documentclass[12pt]{minimal}
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                \begin{document}$$A\cap B, A{\setminus } B$$\end{document}$, and $\documentclass[12pt]{minimal}
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                \begin{document}$$B{\setminus } A$$\end{document}$ are all nonempty. $\documentclass[12pt]{minimal}
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                \begin{document}$$G-A$$\end{document}$ denotes the subgraph of *G* obtained by deleting *A*.
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                \begin{document}$$G=(V,E)$$\end{document}$ and a graph class $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {H}$$\end{document}$, a set $\documentclass[12pt]{minimal}
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                \begin{document}$$X\subseteq V$$\end{document}$ is called a *modulator* to $\documentclass[12pt]{minimal}
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                \begin{document}$$G-X\in \mathcal {H}$$\end{document}$. A graph class is called *hereditary* if it is closed under vertex deletion. A graph *H* is an *induced subgraph* of *G* if *H* can be obtained by deleting vertices (along with all of their incident edges) from *G*. For $\documentclass[12pt]{minimal}
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                \begin{document}$$A\subseteq V(G)$$\end{document}$ we use *G*\[*A*\] to denote the subgraph of *G* obtained by deleting $\documentclass[12pt]{minimal}
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                \begin{document}$$V(G){\setminus } A$$\end{document}$. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {F}$$\end{document}$ be a finite set of graphs; then the class of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {F}$$\end{document}$-*free* graphs is the class of all graphs which do not contain any graph in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {F}$$\end{document}$ as an induced subgraph. We will often refer to elements of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {F}$$\end{document}$ as *obstructions*, and we say that the class of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {F}$$\end{document}$-free graphs is *characterized by* $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {F}$$\end{document}$.

Fixed-Parameter Tractability {#Sec4}
----------------------------

We refer the reader to the standard textbooks \[[@CR14], [@CR16], [@CR34]\] for an introduction to parameterized complexity. A *parameterized problem* $\documentclass[12pt]{minimal}
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                \begin{document}$$\varSigma ^* \times \mathbb {N}$$\end{document}$ for some finite alphabet $\documentclass[12pt]{minimal}
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                \begin{document}$$\varSigma $$\end{document}$. For a problem instance $\documentclass[12pt]{minimal}
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                \begin{document}$$(x,k) \in \varSigma ^* \times \mathbb {N}$$\end{document}$ we call *x* the main part and *k* the parameter.
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                \begin{document}$$\mathcal {P}$$\end{document}$ is *fixed-parameter tractable* (FPT in short) if a given instance (*x*, *k*) can be solved in time $\documentclass[12pt]{minimal}
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                \begin{document}$$f(k) \cdot |x|^{\mathcal {O}(1)}$$\end{document}$ where *f* is an arbitrary computable function of *k*. Algorithms with running time in this form are called *fixed-parameter algorithms*, and we also slightly abuse notaton and refer to this runtime simply as *FPT time*.
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                \begin{document}$$\mathcal {P}$$\end{document}$ to some constant value of the parameter is NP-hard. For instance, the classical [Minimum Vertex Cover]{.smallcaps} problem parameterized by the degree of a graph is paraNP-hard, since [Minimum Vertex Cover]{.smallcaps} remains NP-hard even on graphs of degree at most 3.

Splits and Graph Labeled Trees {#Sec5}
------------------------------

The notions and terminology introduced in this subsection play an important role in particular when formally defining our parameters (Sect. [3](#Sec8){ref-type="sec"}) and for computing them (Sect. [3](#Sec8){ref-type="sec"}). The contents of this subsection are based on the original work of Cunningham \[[@CR13]\] as well as on more recent results by several authors \[[@CR25]--[@CR27]\].
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A split is said to be *non-trivial* if both sides have at least two vertices. A connected graph which does not contain a non-trivial split is called *prime*. A bipartition is *trivial* if one of its parts is the empty set or a singleton. Cliques and stars are called *degenerate* graphs; notice that every non-trivial bipartition of their vertices is a split.
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                \begin{document}$$G=(V,E)$$\end{document}$ be a graph. To simplify our exposition, we will use the notion of *split-modules* instead of splits where suitable. A set $\documentclass[12pt]{minimal}
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                \begin{document}$$A\subseteq V$$\end{document}$ is called a *split-module* of *G* if there exists a connected component $\documentclass[12pt]{minimal}
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                \begin{document}$$\{A,V'{\setminus } A\}$$\end{document}$ forms a split of $\documentclass[12pt]{minimal}
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                \begin{document}$$G'$$\end{document}$. Notice that if *A* is a split-module then *A* can be partitioned into $\documentclass[12pt]{minimal}
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Our algorithms for computing well-structured modulators will rely on two deep results related to splits, specifically Theorems [1](#FPar3){ref-type="sec"} and [2](#FPar4){ref-type="sec"}. To formally state these theorems, we will need to introduce a bit of extra notation.

A *graph-labeled tree* (which can be viewed as a more modern approach to the previously used *split-decompositions*) is a pair $\documentclass[12pt]{minimal}
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                \begin{document}$$G(u) \in \mathcal {F}$$\end{document}$; for instance, we use *V*(*u*) to denote *V*(*G*(*u*)) and we say that an edge of *T* incident to *u* is *incident* to the vertex of *G*(*u*) mapped to it. Graph-labeled trees were introduced by Gioan and Paul \[[@CR25], [@CR26]\], and in the following paragraphs we recall some useful definitions and facts that also appeared in follow-up work \[[@CR27]\].

For an internal node *u* of *T*, the vertices of *V*(*u*) are called *marker* vertices and the edges of *E*(*u*) are called *label-edges*. Edges of *T* incident to two internal nodes are called *tree-edges*. Marker vertices incident to a tree-edge *e* are called the *extremities* of *e*, and each leaf *v* is *associated with* the unique marker vertex *q* (in the neighbor of *v*) mapped to the edge incident to *v*. Perhaps the most important notion for graph-labeled trees with respect to split decomposition is that of *accessibility*.
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Two leaves are accessible if their associated marker vertices are accessible. The *accessibility graph* of a graph-labeled tree $\documentclass[12pt]{minimal}
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                \begin{document}$$Gr(T,\mathcal {F})$$\end{document}$. See Fig. [1](#Fig1){ref-type="fig"} for an example.Fig. 1A graph-labeled tree (*right*) and its accessibility graph (*left*)

### Definition 2 {#FPar2}
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                \begin{document}$$u'$$\end{document}$ in *T*. The *node-split* is then the inverse of the node-join.

Notice that the node-join operation and the node-split operation preserve the accessibility graph of the graph-labeled tree. A graph-labeled tree is reduced if all its labels are either prime or degenerate, and no node-join of two cliques or two stars $\documentclass[12pt]{minimal}
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### Theorem 1 {#FPar3}

(\[[@CR4], [@CR13], [@CR25]--[@CR27]\]) Let $\documentclass[12pt]{minimal}
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### Theorem 2 {#FPar4}
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Rank-Width {#Sec6}
----------

Rank-width was introduced by Oum and Seymour \[[@CR35]\] and is closely related to clique-width. To define it, we first need to introduce the *bipartite adjacency matrix* $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _G$$\end{document}$ is a symmetric function, and observe that a split-module *X* can be seen as a subgraph such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{A}_G[X,V(G){\setminus } X]=1$$\end{document}$.

A *rank-decomposition* of a graph *G* is a pair $\documentclass[12pt]{minimal}
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                \begin{document}$$(T,\mu )$$\end{document}$ is the maximum width over all edges of *T*. The *rank-width* of *G*, *rw*(*G*) in short, is the minimum width over all rank-decompositions of *G*. A graph class $\documentclass[12pt]{minimal}
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An example of a rank-decomposition is provided in Fig. [2](#Fig2){ref-type="fig"}.Fig. 2A rank-decomposition of the cycle $\documentclass[12pt]{minimal}
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### Theorem 3 {#FPar5}
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                \begin{document}$$f(k)\cdot n^3$$\end{document}$, where *f* is a computable function.

Monadic Second Order Logic on Graphs {#Sec7}
------------------------------------

Here we introduce monadic second order logic, which will play a crucial role in our positive (Sect. [6](#Sec13){ref-type="sec"}) as well as negative (Sect. [7](#Sec14){ref-type="sec"}) algorithmic results.

We assume that we have an infinite supply of individual variables, denoted by lowercase letters *x*, *y*, *z*, and an infinite supply of set variables, denoted by uppercase letters *X*, *Y*, *Z*. *Formulas* of *monadic second-order logic* (MSO) are constructed from atomic formulas *E*(*x*, *y*), *X*(*x*), and $\documentclass[12pt]{minimal}
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It is known that MSO formulas can be checked in uniformly polynomial time on graphs of bounded rank-width.
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### Definition 3 {#FPar8}
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Since we will only be dealing with MSO logic, throughout the paper we will refer to MSO-types simply as *types*. It follows from Fact [1](#FPar7){ref-type="sec"} that up to logical equivalence, every type contains only finitely many formulas. This allows us to represent types using MSO formulas, as formalized in the next lemma. We remark that the statement of the next lemma used in previous work \[[@CR20]\] did not specify the ("fixed-parameter") dependence of the running time on the rank-width, and so here we give a proof of the lemma for completeness.

### Lemma 1 {#FPar9}
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The remainder of the section introduces the classical notion of MSO games (Definition [5](#FPar12){ref-type="sec"}) and their relation to MSO types (Theorem [5](#FPar13){ref-type="sec"}). However, to formally define MSO games, we first need the notion of partial isomorphism.

### Definition 4 {#FPar11}
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### Definition 5 {#FPar12}
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### Theorem 5 {#FPar13}
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Well-Structured Modulators {#Sec8}
==========================

Recall that a modulator to a graph class $\documentclass[12pt]{minimal}
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Definition 6 {#FPar14}
------------
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An example of a 2-well-structured modulator is provided in Figure [3](#Fig3){ref-type="fig"}. For the sake of brevity and when it is clear from the context, we will sometimes identify $\documentclass[12pt]{minimal}
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Proposition 1 {#FPar15}
-------------
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Finding Well-Structured Modulators {#Sec9}
==================================

The objective of this subsection is to prove the following theorem.

Theorem 6 {#FPar17}
---------
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Interestingly, the techniques we will use to prove Theorem [6](#FPar17){ref-type="sec"} only work if the rank-width of the graph is sufficiently large. This is not a problem though, since on graphs of small rank-width we can always directly use rank-width to find *k*-well-structured modulators.

Our first course of action is the statement of several useful properties of splits in graphs. We remark that for most of this section we will restrict ourselves to connected graphs, and show how to deal with general graphs later on; this allows us to use the following result by Cunningham.
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Lemma 2 {#FPar19}
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Proof {#FPar20}
-----
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Lemma 3 {#FPar21}
-------
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By repeating the proof technique of Lemma [4](#FPar23){ref-type="sec"} without the set *C*, we obtain the following corollary.

Corollary 1 {#FPar25}
-----------
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Lemma 5 {#FPar26}
-------
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Proof {#FPar27}
-----

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_{22} = M_2{\setminus } M_1$$\end{document}$. Clearly, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{M_1, M_{22}\}$$\end{document}$ is a split. Since rank-width is preserved by taking induced subgraphs, the graph $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G[M_{22}]$$\end{document}$ has rank-width at most *k*. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1\in N(M_{22})$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_2\in N(M_1)$$\end{document}$. It is easy to see that graphs $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{1} = G[M_{1} \cup \{v_{2}\}]$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G_{2} = G[M_{22} \cup \{v_{1}\}]$$\end{document}$ have rank-width at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k+1$$\end{document}$. We finish the proof by applying Corollary [1](#FPar25){ref-type="sec"}, using $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_1, M_{22}$$\end{document}$ in roles of *A*, *B* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v_1, v_2$$\end{document}$ in roles of *a*, *b*, respectively. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

The following lemma in essence shows that the relation of being in a split-module of small rank-width is transitive (assuming sufficiently high rank-width). The significance of this will become clear later on.

Lemma 6 {#FPar28}
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-----
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Definition 7 {#FPar30}
------------
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Using Lemma [6](#FPar28){ref-type="sec"} to deal with transitivity, we prove the following.
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Proof {#FPar32}
-----
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Corollary 2 {#FPar33}
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Next, we state a simple but useful observation.

Observation 1 {#FPar34}
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Proposition 3 {#FPar35}
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Proof {#FPar36}
-----

From Observation [1](#FPar34){ref-type="sec"} it follows that if the proposition holds for connected graphs, then it holds for disconnected graphs as well; hence we may assume that *G* is connected. By Theorem [2](#FPar4){ref-type="sec"} we can compute the unique split-tree $\documentclass[12pt]{minimal}
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Lemma 7 {#FPar37}
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-----
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Lemma 8 {#FPar39}
-------
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From Lemma [8](#FPar39){ref-type="sec"} and Corollary [2](#FPar33){ref-type="sec"} we obtain the following.

Corollary 3 {#FPar41}
-----------
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Proof of Theorem 6 {#FPar42}
------------------

Consider the following procedure. First, we test whether *G* has rank-width at most $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {H}$$\end{document}$ by using standard techniques. For instance, one may use the extension of Courcelle's Theorem \[[@CR11]\] to *counting monadic second order logic* (CMSO); see for instance the work of Courcelle and Oum \[[@CR12]\]. CMSO extends MSO logic by adding atomic formulas which express that the cardinality of a set is divisible by a (fixed) number. The property of "having rank-width at most *k*" is known to be expressible in CMSO logic \[[@CR12]\], the properties of "being a split-module" and "not containing any obstruction from a finite set" are easily verified to be expressible in CMSO and even MSO logic, and CMSO logic can be model checked in polynomial time on graphs of bounded rank-width \[[@CR12], [@CR29]\].

On the other hand, assume that the input graph *G* has rank-width at least $\documentclass[12pt]{minimal}
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Examples of Algorithmic Applications {#Sec10}
====================================

This section contains several examples of how the notion of *k*-well-structured modulators can be used to design fixed-parameter algorithms.

Results for Specific Problems {#Sec11}
-----------------------------

Our first examples deal with two classical NP-hard graph problems, specifically [Minimum Vertex Cover (MinVC)]{.smallcaps} and [Maximum Clique (MaxClq)]{.smallcaps}. Given a graph *G*, a set $\documentclass[12pt]{minimal}
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Establishing the following theorem is the main objective of this subsection.

### Theorem 8 {#FPar43}
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### Lemma 9 {#FPar44}

If [MinVC]{.smallcaps} is polynomial-time tractable on a graph class $\documentclass[12pt]{minimal}
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### Proof {#FPar45}
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We deal with the second problem below.

### Lemma 10 {#FPar46}

If [MaxClq]{.smallcaps} is polynomial-time tractable on a graph class $\documentclass[12pt]{minimal}
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### Proof {#FPar47}
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We again argue correctness in two steps. First, assume for a contradiction that $\documentclass[12pt]{minimal}
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Second, assume for a contradiction that there exists a clique $\documentclass[12pt]{minimal}
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Finally, let us review some concrete graph classes for use in Theorem [8](#FPar43){ref-type="sec"}. We use $\documentclass[12pt]{minimal}
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### Fact 2 {#FPar48}

[MinVC]{.smallcaps} is polynomial-time tractable on the following graph classes:$\documentclass[12pt]{minimal}
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### Proof {#FPar49}

For item 1, recall that split graphs are graphs whose vertex set can be partitioned into one clique and one independent set, and such a partitioning can be found in linear time. If each vertex in the clique is adjacent to at least one independent vertex, then the clique is a minimum vertex cover, otherwise the clique without a pendant-free vertex is a minimum vertex cover. Item 2 follows from \[[@CR33]\]. Item 3 follows from \[[@CR1]\]. Item 4 follows from \[[@CR24]\] and \[[@CR5]\]. $\documentclass[12pt]{minimal}
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### Fact 3 {#FPar50}

[MaxClq]{.smallcaps} is polynomial-time tractable on the following graph classes:Any complementary graph class to the classes listed in Fact [2](#FPar48){ref-type="sec"} (such as cofork-free graphs and split graphs);Graphs of bounded degree.

### Proof {#FPar51}

It is well-known that each maximum clique corresponds to a maximum independent set (and vice-versa) in the complement graph.The degree bounds the size of a maximum clique, again resulting in a simple folklore branching algorithm. The class of graphs of degree at most *d* is exactly the class of $\documentclass[12pt]{minimal}
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Results for Other Graph Classes {#Sec12}
-------------------------------

Next, we turn our attention to computing *k*-well-structured modulators to examples of graph classes which are not characterized by a finite obstruction set (i.e., by a finite set of forbidden induced subgraphs). In the following lemmas, *n* denotes the size of the vertex set of the input graph.

### Lemma 11 {#FPar52}

It is possible to compute a *k*-well-structured modulator to the class of forests in time $\documentclass[12pt]{minimal}
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For the next result, recall that a cycle is *chordless* if it is also an induced cycle of length at least 4, and a graph is *chordal* if it contains no chordless cycles.

### Lemma 12 {#FPar54}

It is possible to compute a *k*-well-structured modulator to the class of chordal graphs in time $\documentclass[12pt]{minimal}
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### Proof {#FPar55}
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MSO Model Checking with Well-Structured Modulators {#Sec13}
==================================================

Here we show how well-structured modulators can be used to solve the MSO model checking problem, as formalized in Theorem [9](#FPar56){ref-type="sec"} below. Note that our meta-theorem captures not only the generality of MSO model checking problems, but also applies to a potentially unbounded number of choices of the graph class $\documentclass[12pt]{minimal}
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Theorem 9 {#FPar56}
---------
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Lemma 13 {#FPar57}
--------
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Proof {#FPar58}
-----

Consider the sentence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi $$\end{document}$ which describes the existence of a proper 5-coloring of the vertices of *G*, and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {H}$$\end{document}$ be the class of graphs of degree at most 4 (in other words, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {F}$$\end{document}$ contain all 6-vertex supergraphs of the star having 5 leaves). There exists a trivial greedy algorithm to obtain a proper 5-coloring of any graph of degree at most 4, hence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\textsc {MSO-MC}_{\phi }$$\end{document}$ is polynomial-time tractable on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {H}$$\end{document}$. Now consider the class of graphs obtained from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {H}$$\end{document}$ by adding, to any graph in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {H}$$\end{document}$, two adjacent vertices *y*, *z* which are both adjacent to every other vertex in the graph. By construction, any graph $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G'$$\end{document}$ from this new class satisfies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$mod^\mathcal {H}(G')\le 2$$\end{document}$ and hence also $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$wsn^\mathcal {H}(G')\le 2$$\end{document}$. However, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G'$$\end{document}$ admits a proper 5-coloring if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$G'-\{y,z\}$$\end{document}$ admits a proper 3-coloring. Testing 3-colorability on graphs of degree at most 4 is known to be NP-hard \[[@CR30]\], and hence the proof is complete. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Our strategy for proving Theorem [9](#FPar56){ref-type="sec"} relies on a replacement technique, where each split-module in the well-structured modulator is replaced by a small representative. We use the notion of *similarity* defined below to prove that this procedure does not change the outcome of $\documentclass[12pt]{minimal}
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Definition 8 {#FPar59}
------------

*(Similarity)* Let *q* and *k* be non-negative integers, $\documentclass[12pt]{minimal}
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Next, we show that small representatives can be computed efficiently.

Lemma 15 {#FPar62}
--------
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Finally, in Lemma [16](#FPar64){ref-type="sec"} below we use Lemma [15](#FPar62){ref-type="sec"} to replace any well-structured modulator by a small but "equivalent" modulator.

Lemma 16 {#FPar64}
--------
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Proof {#FPar65}
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Proof of Theorem 9 {#FPar66}
------------------
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For completeness, we remark that the same proof can be used to obtain analogues of Theorem [9](#FPar56){ref-type="sec"} for any graph class $\documentclass[12pt]{minimal}
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We conclude the section by showcasing an example application of Theorem [9](#FPar56){ref-type="sec"}. *c*-[Coloring]{.smallcaps} asks whether the vertices of an input graph *G* can be colored by *c* colors so that each pair of neighbors have distinct colors. From the connection between *c*-[Coloring]{.smallcaps}, its generalization [List]{.smallcaps} *c* [-Coloring]{.smallcaps} and modulators \[[@CR6], Theorem 3.3\] and tractability results for [List]{.smallcaps} *c* [-Coloring]{.smallcaps} \[[@CR28], Page 5\], we obtain the following.

Corollary 4 {#FPar67}
-----------
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Hardness of MSO Optimization {#Sec14}
============================

In the wake of Theorem [9](#FPar56){ref-type="sec"} and the positive results for the two problems in Sect. [5](#Sec10){ref-type="sec"}, one would expect that it should be possible to strengthen Theorem [9](#FPar56){ref-type="sec"} to also cover LinEMSO problems \[[@CR11], [@CR19]\], which extend MSO model checking by allowing the minimization/maximization of linear expressions over free set variables. Surprisingly this is not possible if we wish to retain the same necessary conditions, as will be shown in this section. For our proof, it suffices to consider a simplified variant of LinEMSO, defined below. Let $\documentclass[12pt]{minimal}
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Theorem 10 {#FPar70}
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Proof {#FPar71}
-----
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Claim {#FPar72}
-----
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Finally, if *A* or *B* exists, then we output YES and otherwise we output NO. Hence the claim is indeed true.
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We proceed by arguing that this claim is also correct. It is known that the [Dominating Set]{.smallcaps} problem, which takes as input a graph *G* and an integer *j* and asks to find a dominating set of size at most *j*, is NP-hard on $\documentclass[12pt]{minimal}
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Conclusion {#Sec15}
==========

We have introduced a family of structural parameters which push the frontiers of fixed-parameter tractability beyond rank-width and modulator size for a wide range of problems. In particular, the well-structure number can be computed efficiently (Theorem [6](#FPar17){ref-type="sec"}) and used to design fixed-parameter algorithms for [Minimum Vertex Cover]{.smallcaps} and [Maximum Clique]{.smallcaps} (Theorem [8](#FPar43){ref-type="sec"}) as well as any problem which can be described by a sentence in MSO logic (Theorem [9](#FPar56){ref-type="sec"}). We remark that while our results are of a theoretical nature, there is hope that some of the ideas behind the presented algorithms may be useful in practice once faster algorithms for computing rank-width become available.

For future work, it would be interesting to see whether the notion of split-modules introduced in this work can be naturally generalized. In particular, a split-module *X* can be seen as a subgraph such that $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{A}_G[X,G-X]=1$$\end{document}$, and in this sense split-decompositions naturally correspond to rank-width 1. It is easy to define corresponding decompositions also for higher values of rank-width, however it is not at all clear how such decompositions could be computed. We believe this is an interesting question on its own; furthermore, obtaining such decompositions would allow an immediate extension of our framework to the arising more general notions of split-modules.

Finally, we remark that well-structured modulators have also found applications in the area of data reduction and *kernelization* \[[@CR16]\]. In particular, since $\documentclass[12pt]{minimal}
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